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We discuss the scalar mode of gravitational waves emerging in the context of F (R) gravity by
taking into account the chameleon mechanism. Assuming a toy model with a specific matter distri-
bution to reproduce the environment of detection experiment by a ground-based gravitational wave
observatory, we find that the chameleon mechanism remarkably suppresses the scalar wave in the
atmosphere of Earth, compared with the tensor modes of the gravitational waves. We also discuss
the possibility to detect and constrain scalar waves by the current gravitational observatories and
advocate a necessity of the future space-based observations.
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2I. INTRODUCTION
Gravitational waves (GWs) are now the key probes to observe high-energy astrophysical phenomena after the
success of detecting the signals from coalescing binary black holes [1–5] and binary neutron stars [6, 7]. Moreover,
forthcoming observational observatories are aimed to give deeper and clearer understandings of the current and early
Universe [8, 9].
Besides, GWs have the potential to test any gravitational theory. Several alternative theories to general relativity
have been investigated so far, and some of them predict different propagation speed and polarization modes of GWs
from those of general relativity. Thus, we need to pay more attention to the study of GWs as a new and formidable
method to test any theory of gravity. In principle, finding new features in GWs, which are unexplainable in the
context of general relativity, we can consider those features as a sort of smoking gun of any gravitational theory
beyond the general relativity. On the other hand, if we cannot find any deviations from the theoretical predictions
of general relativity, we can obtain constraints on modified gravity theories. For instance, the GW speed provides us
with the constraint on the several classes of modified gravities (see for example [10–14]).
In this context, F (R) gravity is one of the modified gravity theories, and its action is replaced by the function of the
Ricci scalar, instead of the Einstein-Hilbert action. Specifically, it can be considered as the straightforward extension
of general relativity and several viable models of F (R) gravity are consistent with observational constraints coming
from GWs and other astrophysical probes (for review, see [15–18]). It is widely known that F (R) gravity is equivalent
to a scalar-tensor theory, which includes the scalar field in addition to the metric, at the classical level [16, 19].
In the models of F (R) gravity for the dark energy, the scalar field plays a role of the dynamical dark energy, instead
of the cosmological constant [20]. For consistency with constraints from the various observational data, viable F (R)
gravity models should satisfy the chameleon mechanism [21–23]. The chameleon mechanism is one of the screening
mechanisms which suppress the so-called fifth force mediated by the scalar field. The chameleon mechanism in F (R)
gravity requires that the potential of the scalar field is sensitive to the trace of the energy-momentum tensor, which
brings the environment dependence of the scalar field. The well-designed potential predicts that the scalar field
acquires the large mass and that the fifth force is suppressed in the high-density region (e.g., the Solar System).
The additional scalar field results in that the F (R) gravity gives rise to a further scalar mode of GWs [24–28],
which is described by the fluctuation of the scalar field around the potential minimum. Here, it is logical that the
chameleon mechanism should also affect the perturbation of the scalar field. In other words, we naively expect that the
environment affects the scalar mode of GWs because the potential of the scalar field changes according to the medium
in which the GWs propagate. There are three possible effects on the scalar mode of GWs due to the chameleon
mechanism: at the emission [30–32], during the propagation [33–35], and at the detection.
In this paper, we study the effect of the chameleon mechanism on the scalar mode of GWs at the detection by
ground-based GW observatories. We derive the wave equation of the scalar field at the linear order of perturbation
around the non-flat background and discuss the method to evaluate the scalar waves. Assuming a toy model with a
simplified distribution of matter field which mimics the detection experiments by the ground-based observatories, we
examine the chameleon mechanism and give the analytic expressions of the amplitude of the scalar wave, comparing
with the tensor modes of GWs.
Remarkably, we will find that the scalar wave attenuates during the propagation in the atmosphere due to the
chameleon mechanism and that the amplitude of the scalar wave can be considered almost zero when the scalar
wave enters the GW detector. The above results are consistent with the current observational data which do not
explicitly show the extra polarization modes in the GW signals. That is, the chameleon mechanism gives us a key
understanding to explain the fact that no extra polarization modes have been detected so far. We claim that the
chameleon mechanism plays a vital role in the GW observations as well as the fifth-force observation and that the
GW physics in F (R) gravity should respect the chameleon mechanism. We also comment on the detectability of the
scalar field by the ground-based GW observatories and the necessity of future space-based GW observatories [36–39]
for the direct detection of scalar waves.
II. F (R) GRAVITY AND THE CHAMELEON MECHANISM
A. A scalar field coming from F (R) gravity
We give a brief review of F (R) gravity and its field equations. We also see how the chameleon mechanism works in
a particular model of F (R) gravity. The action of the generic F (R) gravity model is defined as follows:
S =
1
2κ2
∫
d4x
√−gF (R) +
∫
d4x
√−gLMatter[gµν ,Ψ] , (1)
3where F (R) is a function of the Ricci scalar R and κ2 = 8piG = 1/M2pl. Mpl is the reduced Planck mass, and
Mpl ' 2 × 1018 [GeV2]. LMatter denotes the Lagrangian for a matter field Ψ. The variation of the action (1) with
respect to the metric gµν leads to the equations of motion as follows,
FR(R)Rµν − 1
2
F (R)gµν + (gµν−∇µ∇ν)FR(R) = κ2Tµν(gµν ,Ψ) . (2)
FR(R) expresses the derivative of F (R) with respect to R, FR(R) = ∂RF (R), and hereafter we use this convention.
The energy-momentum tensor Tµν is defined by
Tµν(g
µν ,Ψ) =
−2√−g
δ (
√−gLMatter(gµν ,Ψ))
δgµν
. (3)
Furthermore, taking the trace of Eq. (2), we obtain
FR(R) =
1
3
[
2F (R)−RFR(R) + κ2T
]
, (4)
where we have used conventions for the Ricci scalar as R = Rµµ and for the trace of the energy-momentum tensor as
T = Tµµ. We have to note that the trace of the equations of motion is dynamical although it is R = −κ2T in the
general relativity.
The scalar field is defined by the identification
Φ ≡FR(R) . (5)
Solving the above relation with respect to Φ, one can express the Ricci curvature R in terms of Φ, R = R(Φ). Then,
we can regard the right-hand side of Eq. (4) as the contribution from the potential term,
dV (Φ)
dΦ
≡1
3
[2F (R(Φ))−R(Φ)FR(R(Φ))] , (6)
where V (Φ) is the potential of the scalar field Φ. For this notation, Eq. (4) can be rewritten as the Klein-Gordon
type equation:
Φ = dV (Φ)
dΦ
+
1
3
κ2T . (7)
It is also convenient to define the effective potential Veff with the trace of energy-momentum tensor included:
dVeff
dΦ
=
1
3
[
2F (R)−RFR(R) + κ2T
]
. (8)
The stationary condition dVeff/dΦ = 0 gives the solution Φ = Φmin at the potential minimum. Defining R = Rmin
satisfying Φmin = FR(Rmin), one obtains the mass of the scalar field defined as the second derivative of the effective
potential;
m2Φ =
d2Veff(Φ, T )
dΦ2
∣∣∣∣
Φ=Φmin
=
1
3
[
FR(Rmin)
FRR(Rmin)
−Rmin
]
. (9)
It is of great importance that the effective potential Veff in Eq. (8) includes the trace of energy-momentum tensor T .
Since the potential minimum changes according to the matter distribution, the mass of scalar field Eq. (9) shows the
dependence of the environment. In the next subsection, we will discuss this point in detail.
It is also notable that if Eq. (2) has a solution Rµν = Λgµν , we obtain the following relation:
2F (R)−RFR(R) + κ2T = 0 , (10)
which corresponds to the stationary condition or potential minimum of the effective potential in Eq. (8). In the case
of the positive Λ, we have the de Sitter solution in the F (R) gravity. Thus, the F (R) gravity can be a straightforward
solution to the dark energy problem naturally giving rise to the cosmological constant [40].
4B. The scalar field and the chameleon mechanism
The additional scalar field in F (R) gravity can be responsible for the dark energy, to realize the de Sitter space-time
as one of the solutions. In the usual sense, the mass of the scalar field should be of the order of the Hubble scale
mΦ ∼ 10−33 [eV]. However, such a light scalar field is easily detected and excluded by the observation because the
Compton wavelength is very large. On the other hand, if the scalar field is massive enough for its propagation to
be frozen out, where the Compton wavelength is very small, the scalar field can avoid the observational constraints.
However, such a massive scalar field is irrelevant for cosmology and gives us the inconsequential effect for the dark
energy problem. The screening mechanism gives us a solution to solve the conflict between those two different
requirements on different scales.
In the chameleon mechanism, the scalar field potential depends on the energy-momentum tensor of the other matter
fields, which results in that the mass of the scalar field changes according to the matter fields surrounding the scalar
field itself. In other words, the scalar degree of freedom depends on the environment. For example, the energy density
characterizes the non-relativistic perfect fluid, and thus, the mass of the scalar field is a function of the energy density.
If one chooses the potential so that the mass increases at the high-density region and decreases at the low-density
region, the chameleonic scalar field makes the theory to be relevant in two different regions: cosmological scale and
smaller scale.
As an illustration, we see how the chameleon mechanism works in a concrete model of F (R) gravity, as follows:
F (R) = R− βRc
[
1−
(
1 +
R2
R2c
)−n]
+ αR2 . (11)
The Rc expresses a typical energy scale where the modification of gravitation is relevant, and one expects Rc ∼ Λ '
4 × 10−84 [GeV2] so that the modification is responsible for the dark energy at the low-energy scale. β and n are
positive parameters. Considering the large-curvature limit, R > Rc, the F (R) function approximates as follows:
F (R) ≈ R− βRc + βRc
(
Rc
R
)2n
+ αR2 . (12)
The first and second terms in Eq. (12) imply that this model recovers the ΛCDM model with the cosmological constant
2Λ = βRc although the third term shows the modification in the low-curvature region, which is suppressed in the
large-curvature region. Note that if we expect Rc ∼ Λ, it naively suggests β = O(1).
We introduce α to display another energy scale and assume that the R2 term modifies the gravitational theory
at a high-energy scale. The F (R) gravity models for the dark energy generally suffer from the curvature singularity
problem [41]. The R2 correction cures this problem [42, 43], and as a by-product of the cure for the singularity
problem, the mass of the scalar wave is upper bounded [44, 45]. Hereafter, we rewrite α as α = µ/Rc, where µ is the
dimensionless parameter, for the convenience.
For this F (R) gravity model, one can calculate the potential V (Φ) as in Eq. (6)
dV (Φ)
dΦ
=
1
3
[
R− 2βRc + 2βRc
(
1 +
R2
R2c
)−n
+ 2nβRc
R2
R2c
(
1 +
R2
R2c
)−(n+1)]
, (13)
and the relation between Φ and R is given by Eq. (5),
Φ(R) = 1− 2nβ R
Rc
(
1 +
R2
R2c
)−(n+1)
+ 2µ
R
Rc
. (14)
In order to derive the potential V (Φ), we replace the derivative of the potential with respect to Φ as follows:
dV (Φ)
dR
=FRR(R)
dV (Φ)
dΦ
. (15)
As an example, we assume the model where n = 1 and β = 2 in Eq. (11). Integrating dV/dR with respect to R,
5we obtain
V (Φ(R))
Rc
=
1
6
[
16
R
Rc
(
1 +
R2
R2c
)−4
− 40 R
Rc
(
1 +
R2
R2c
)−3
+
(
30
R
Rc
+ 8
)(
1 +
R2
R2c
)−2
−
(
8µ
R
Rc
+ 3
R
Rc
+ 12
)(
1 +
R2
R2c
)−1
−16µ R
Rc
+ 2µ
R2
R2c
+ 3(8µ− 1) tan−1
(
R
Rc
)]
(16)
Note that the above expression is consistent with the result in [41] without R2 correction, up to the redefinition for
the scalar field Φ and the integration constant for the effective potential Veff . The parametric plot of (Φ(R), V (Φ(R)))
with respect to R shows the form of the potential, given in Figs. 1 and 2. The three branches (blue-dashed, green-solid,
and red-dotted lines in Fig. 1) show up because FR(R), equivalently Φ, is the multi-valued function with respect to
R.
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FIG. 1. The potential of scalar field V (Φ) where n = 1, β = 2, and µ = 10−6, normalized by Rc. Potential branches at
R/Rc ≈ ±1/
√
3 where FRR(R) = 0. Φ = 1 on the green-solid line corresponds to an unstable flat space-time (R = 0). Φ = 0
on the blue-dashed line is the unstable de Sitter, and the potential minimum on the blue-dashed line gives the stable de Sitter
background.
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FIG. 2. The same as in Fig. 1. When R→ +∞, Φ→ +∞ (blue-dashed line). When R→ −∞, Φ→ −∞ (red-dotted line).
6Next, we add the contribution from the matter field, that is, the trace of the energy-momentum tensor T and consider
the potential minimum and mass of the scalar field. Because the chameleon mechanism works in the existence of the
matter field, the corresponding space-time curvature is larger than the Hubble or dark energy scale. Thus, we can
utilize the large-curvature limit, R > Rc, in the following discussion.
In the large-curvature limit, the stationary condition in Eq. (10) approximately leads to
2F (R)−RFR(R) + κ2T ≈ R− 2βRc + 2(n+ 1)βRc
(
Rc
R
)2n
+ κ2T , (17)
and the curvature at the potential minimum is
Rmin ≈ −κ2T . (18)
And then, Eq. (9) gives the mass of the scalar field at the potential minimum:
m2Φ ≈
1
3
1− 2nβ
(
Rc
Rmin
)2n+1
+ 2 µRcRmin
2n(2n+1)β
Rc
(
Rc
Rmin
)2n+2
+ 2 µRc
−Rmin
 . (19)
When we use the pressure-less dust for the matter fields, the trace of the energy-momentum tensor is given as
T = −ρ where ρ is the matter-energy density, and the potential minimum is characterized by the curvature Rmin = κ2ρ.
Because the mass (19) is the increasing function of the curvature, as we will see in Sec. IV C, we can conclude that
the scalar field becomes heavy in the high-density region. Note that in the very large-curvature limit, or equivalently
the very high-density region, the mass squared goes to Rc/6µ = 1/6α.
III. GRAVITATIONAL WAVES IN F (R) GRAVITY
A. The chameleon mechanism in scalar waves?
The additional scalar field in F (R) gravity suggests a new polarization mode of the GWs [24–29]. Although one
can describe the ordinary tensor modes of the GWs as the fluctuation around the background space-time, the scalar
wave is corresponding to the oscillation of the scalar field around the potential minimum while the minimum is closely
related to the background space-time as in Eq. (10). As we discussed in the previous section, the effective potential of
the scalar field depends on the trace of the energy-momentum tensor, and thus, the oscillation around the potential
minimum also changes according to the medium in which the GWs propagate.
Therefore, we naively expect that the chameleon mechanism affects the scalar mode of GWs. In other words, we
may find the environment dependence of the GW signal in F (R) gravity. Note that we study the perturbation at the
first order and do not include the cross terms between the tensor and scalar modes as well as the back-reactions.
B. Perturbations on curved space-time with matters
In order to discuss the chameleon mechanism in the scalar mode of GWs, we first derive the basic equations for the
GWs. After the identification Eq. (5), one finds the equations of motion given by
ΦRµν − 1
2
F (R)gµν + (gµν−∇µ∇ν)Φ = κ2Tµν(gµν ,Ψ) , (20)
Φ = dVeff(Φ)
dΦ
. (21)
To derive the equations for the GWs, we define the perturbation for the metric gµν and scalar field Φ:
gµν =bµν + hµν , (22)
Φ =Φmin + φ , (23)
where bµν is the background metric, and Φmin satisfies dVeff/dΦ = 0. Note that the perturbation of the scalar field
φ can be written in terms of the metric perturbation hµν because the scalar field is, by definition, related to the
space-time curvature as in Eq. (5).
7For the metric perturbations, the curvature R and its function F (R) can be expanded, up to the first order, around
the background space-time as follows:
Rµν = R
(b)
µν + δRµν , (24)
R = R(b) + δR , (25)
δR = bµνδRµν − hµνR(b)µν , (26)
FR(R) = FR(R
(b)) + FRR(R
(b))δR . (27)
Equations (5) and (23) provide us with the following relations:
FR(R
(b)) = Φmin , (28)
FRR(R
(b))δR = φ . (29)
According to the above relation, F (R) is expanded around the minimum as follows:
F (R) =F (R(b)) + ΦminδR . (30)
And also, one finds that the Christoffel symbols are expanded by
Γλµν = Γ
λ(b)
µν +
1
2
bλρ
(
∇(b)µ hνρ +∇(b)ν hµρ −∇(b)ρ hµν
)
. (31)
Finally, we obtain the perturbed equation of Eq. (20) at the first order of perturbation:(
∇(b)µ ∇(b)ν − bµν(b) −R(b)µν
)
φ
= ΦminδRµν − 1
2
ΦminδRbµν − 1
2
F (R(b))hµν
− 1
2
bµν
(
2∇(b)α hαρ −∇(b)ρ h
)
∇ρ(b)Φmin − bµνhαβ∇(b)α ∇(b)β Φmin
+
1
2
(
∇(b)µ hνρ +∇(b)ν hµρ −∇(b)ρ hµν
)
∇ρ(b)Φmin , (32)
where the covariant-derivative operators are composed by the background metric. Note that we ignore the perturbation
in the matter sector induced by the metric perturbation, δTµν = 0, where we treat the matter field as a fixed external
field. For the scalar field, we obtain the scalar wave equation by taking the trace of Eq. (32) or substituting the
perturbations into Eq. (21) with the background equation:(
(b) −m2Φ
)
φ = −1
3
Φminh
µνR(b)µν +
1
6
F (R(b))h
+
1
2
(
2∇(b)µ hµρ −∇(b)ρ h
)
∇ρ(b)Φmin +
4
3
hµν∇(b)µ ∇(b)ν Φmin . (33)
It should be remarkable that the effective potential is identical to the original potential Veff(Φ) = V (Φ) if the
energy-momentum tensor vanishes Tµν = 0. Therefore, it is essential to assume the non-vacuum case; otherwise, we
cannot estimate the effect the chameleon mechanism on the scalar mode of the GWs.
C. Maximally symmetric background
Although we derived the basic equations for the GWs in F (R) gravity in the curved space-time, we assume that
the background is maximally symmetric for simplicity, that is, the Minkowski and (anti–)de Sitter background. Based
on this assumption and Eq. (5), the background of the scalar field Φmin is constant because the Ricci scalar R is
constant for the maximally symmetric space-time. And then, the equations for the perturbation Eqs. (32) and (33)
are simplified as
δRµν − 1
2
δR bµν − 1
2
F (R(b))
Φmin
hµν =
(
∇(b)µ ∇(b)ν − bµν(b) −R(b)µν
)
ϕ , (34)(
−m2Φ
)
ϕ =− 1
3
Φminh
µνR(b)µν +
1
6
F (R(b))h , (35)
8where we define the new scalar field perturbation ϕ ≡ φ/Φmin, to normalize the original perturbation φ.
For the comparison with the results in the previous works, we consider the Minkowski background. In the flat
space-time, the Ricci scalar vanishes, and F (R) also vanishes in the present model Eq. (11). As a consequence, we
obtain the same results in the literature (for example, see [24, 29]) where GWs of F (R) gravity are dealt within
the Minkowski background without matters. We note, however, that the scalar field becomes tachyonic if we merely
substitute R = 0 into Eq. (9) because the second derivative of F (R) becomes negative. Thus, the perturbation around
the exact Minkowski background is unstable in our model of F (R) gravity. We may observe the similar behavior in
other models of F (R) gravity for dark energy [41].
On the other hand, we can improve the above discussion in other backgrounds. Considering the stable de Sitter
background corresponding to the potential minimum of the scalar field (see Fig. 1), we can address the dark energy
problem at the cosmological scale. If we choose this background, we can avoid the tachyonic scalar field and the
consequent instability in the present model. Furthermore, at the smaller scale, we can safely ignore the effects on
the perturbations induced by the cosmological background and take F (R(b)) ≈ 0 and R(b)µν ≈ 0 in the perturbed
equations. Thus, we can justify the previous analyses of the scalar wave around the Minkowski space-time within the
approximation.
We also emphasize that the non-zero background curvature is unavoidable with respect to the stationary condition
Eq. (10) in the presence of matter for the chameleon mechanism. However, we can assume that the effect on the
background space-time induced by the matter field is negligible although we take it into account for the scalar field
mass. In the following analysis, we evaluate the mass of the scalar wave with non-zero space-time curvature to use
the stable de Sitter minimum, while we treat the background space-time approximately as the Minkowski space-time
in the equations of perturbation.
IV. THE ENVIRONMENT DEPENDENCE OF SCALAR WAVE
A. Environment of ground-based GW observatory
It is difficult to simulate full processes of the screening mechanism in the scalar waves numerically because of the
gigantic difference of the order of magnitude between the physical parameters; that is, the difference between the
matter-energy density and dark energy density. Instead of the exact situation, we use the toy model with several
approximations and simplifications in order to evaluate the variation of the amplitude due to the chameleon mechanism
in an analytical manner.
We consider the following situation: the plane scalar wave is propagating from an infinitely far region to a spher-
ically high-density region, as shown in Fig. 3. We also assume the ground-based GW observatory locates inside the
scalar wave
y
x
z
FIG. 3. The situation we consider now. The plane scalar wave propagates to a spherically dense region from the positive
direction of the z axis.
9spherical region on the z axis, technically, near the boundary in the realistic situation. Note that this model displays
the simplified environment to reproduce our detection experiments: the scalar waves emitted far away from Earth
propagate and enter the atmosphere, to be detected with the LIGO and Virgo gravitational observatories on Earth.
To simplify the analysis, we consider the following matter density profile:
ρ(x) = ρa − (ρa − ρ∞)Θ(r − rb) , (36)
where Θ(r) is the Heaviside step function. ρa and ρ∞ are the energy density of matters, satisfying the condition
ρa > ρ∞. r is a radial coordinate, and rb denotes the radius of the high-density region. For this situation, we obtain
the following background solution:
Φbg(r) =
{
Φa (0 ≤ r ≤ rb)
Φ∞ − (Φ∞ − Φa)rb e−m∞(r−rb)r (rb < r)
, (37)
where Φi(i =∞, a) denotes the minimum of the effective potential with respect to the energy density ρi.
B. The suppression of scalar waves
For more simplification to address our toy model by hand, we consider the region close to the z axis, where the
scalar wave enters the high-density region almost vertically. For this assumption, we can ignore the curvature of the
spherical high-density region, and the boundary between the high-density and low-density regions looks flat. Thus,
we can approximate that the penetrating wave inside the high-density region is the plane wave as well as the incident
wave. In order to describe the above condition, it is convenient to use the cylindrical coordinate since the system of
our interest has the axisymmetry. Let R represent the radial distance from the z axis, r2 = R2 + z2, and the region
close to the z axis corresponds to the condition R  rb, which leads to the following expansion of the background
Φbg:
Φbg(r) = Φbg(
√
z2 +R2) ' Φbg(z) +O
(
R
rb
)
. (38)
Thus, we can eliminate the R dependence of the background field if we consider the scalar mode of GWs penetrating
the high-density region along to z axis. Provided the position of the boundary between the high-density region and
space is z = zb(= rb), Φbg in Eq. (37) can be approximated as follows:
Φbg(z) =
{
Φa (|z| ≤ zb)
Φ∞ − (Φ∞ − Φa)zb e−m∞(z−zb)z (zb < |z|)
. (39)
The equation of motion for the scalar wave in the cylindrical coordinate is given by(
− ∂
2
∂t2
+
∂2
∂z2
)
φ(t, z) = m2Φ(z)φ(t, z), (40)
where φ(z) represents the plane scalar wave, and we ignore its ρ dependence by the above condition. In order to
divide Eq. (40) into the equation of each frequency mode, we consider the Fourier expansion of the plane wave φ(t, z),
φ(t, z) =
∫
dω
2pi
φ˜(ω, z) e−iωt , (41)
and we obtain the equation of motion for the scalar wave in the simple form as
d2φ˜
dz2
=
(
m2Φ(Φbg)− ω2
)
φ˜ . (42)
If we rewrite the right-hand side of the equation with M(z) ≡ m2Φ(Φbg), Eq. (42) takes the well-known form of the
wave equation with the potential M(z) in the (1+1) dimension.
Finally, we can make a rough estimation for an amplitude of the scalar wave in the high-density region. For scalar
waves with the frequency ω < mΦ, the solution of Eq. (42) inside of the high-density region becomes
φ˜ = C e
√
m2Φ−ω2z, (43)
10
where C is a constant which represents the amplitude of the scalar wave, and we dropped the growing mode of the
solution in order to satisfy the boundary condition at the center. One can find that the scalar waves of the low
frequency, ω < mΦ, is suppressed by the exponential factor. We can see this property in a group velocity of scalar
waves:
v(ω) =
√
ω2 −m2Φ
ω
. (44)
The scalar wave is decaying if ω < mΦ, which shows the behavior of our expectation due to the chameleon mechanism.
In the following, we focus on this damping behavior inside the high-density region although we will discuss the
treatment of the boundary condition between the high- and low-density regions in conclusion. It is notable that the
chameleon mechanism does not affect the amplitude of the scalar mode of the high frequency ω > mΦ; however, it
changes the phase for each Fourier mode.
C. Estimation of scalar wave amplitude
We further consider the damping factor in Eq. (43) in the actual case where the high-density region is corresponding
to the atmosphere of Earth. We first calculate the mass of the scalar wave inside the atmosphere ma by Eq. (19).
As an illustration, choosing the parameters as β = 2, n = 1 and µ = 10−62, the mass of the scalar wave in the
atmosphere, mΦ = ma, is given by
ma ' 8× 10−12 [GeV] , (45)
where we choose µ to respect the experimental upper bound [46–48]. We also assume the energy density in the
atmosphere ρ = ρa = 10
−9 [g/cm3] at around 105 [m] of the altitude. We also plot the mass as the function of energy
density for the particular choices of parameter µ in Fig. 4. One can see that the mass becomes saturated in the
high-density region and proportional to
√
1/α =
√
Rc/µ.
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FIG. 4. Mass of the scalar field with respect to the energy density ρ. The energy density ρ is normalized by the dark energy
density ρΛ ∼ 6 × 10−30 [g/cm3]. Red-solid, green-dashed, and blue-dotted lines correspond to the choice of the parameter
µ = 10−62, 10−84, and 10−111, respectively. Experimental bound is given by m =
√
µ/6Rc ≥ 2.7 × 10−12 [GeV] in [48],
which leads to µ . 10−62. µ = 10−84 corresponds to the mass m ∼ 1 [GeV2]. µ = 10−111 corresponds to the inflaton mass
m ∼ 1013 [GeV2]. The other parameters are fixed as n = 1 and β = 2.
Next, we compute the frequency that corresponds to ma. After the unit conversion, the frequency ω = ωc corre-
sponding to the mass ma is given by
ωc ' 1× 1013 [Hz] . (46)
We call ωc criterion frequency because this value characterizes the two different behaviors of the scalar waves in
different frequency regions as we have seen in the previous subsection: the amplitude of the scalar wave decreases if
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FIG. 5. The criterion frequency with respect to the parameter µ. In contrast to Fig. 4, the energy density is fixed as
ρ = 10−9 [g/cm3].
the frequency is smaller than ωc, while it is unchanged if the frequency is larger than ωc. We also plot the criterion
frequency as the function of parameter µ in Fig. 5. Note that Eq. (46) gives us the lower bound of the criterion
frequency because Eq. (46) corresponds the upper bound of µ, and the criterion frequency becomes larger if we input
smaller µ.
Even though the scalar modes with higher frequency than the criterion frequency, ω > ωc, can avoid the gigantic
suppression due to the chameleon mechanism, the criterion frequency is extremely high as in Eq. (46), and the
detection is out of accessibility with our current technology. Therefore, we can conclude that the detectable scalar
waves should receive the sizable suppression before they reach the ground as far as our approximation is valid.
Note that we have ignored ρ∞ because we focus on the decaying scalar wave inside the atmosphere. However, we
can speculate that the scalar modes are also affected by the chameleon mechanism during the propagation outside
the atmosphere, in analogy to the suppression inside the atmosphere, because the energy density in space ρ∞ is
finite. As an example, we consider a simple case that ρ∞ = ρΛ to interpret the low-density region as the cosmological
environment. Because our model of F (R) gravity is designed to explain the accelerated expansion of the Universe at
the cosmological scale, one can expect that the mass of scalar wave is of the order of the Hubble scale, mΦ ∼ 10−33 [eV],
as we have discussed in Sec. II B. Therefore, the criterion frequency is also of the order of the Hubble scale, which
implies that the scalar waves emitted at astrophysical scales do not decay when they propagate in the cosmological
environment.
Concerning the above estimation in the environment outside the atmosphere, we mention that Ref. [35] performed a
similar study on the high-frequency scalar modes in the context of the scalar-tensor theory and evaluated the amplitude
of the scalar wave with spherical-wave expansions, which allows us to compare with our results. Although the previous
research discussed the suppression by the chameleon mechanism in the Milky Way halo, we have considered the
atmosphere of Earth, which is a much smaller scale than the galactic scale. Furthermore, we have explicitly derived
the damping factor as in Eq. (43) to show the exponential suppression in the amplitude for the scalar wave with the
low frequency.
D. Non-vertical waves
In the previous subsections, we have considered only the region R rb and assumed that the incident wave enters
the observatory vertically. Under this assumption, we have found that the scalar waves with the detectable range of
frequency receive strong suppression. However, it is worth considering the non-vertically penetrating waves because
the interferometric GW detector does not have sensitivities to the vertical direction, along with the z axis in our case,
for the scalar waves [49–51].
If R  rb, the penetrating waves are no longer plane, and we need to include spherical waves because we cannot
neglect the curvature of Earth. In this sense, it is straightforward that we consider the spherical-wave expansion of the
scalar wave and solve Eq. (33) for each mode in the polar coordinate. However, instead of the exact solution, intuitive
calculations may allow us to estimate the contribution of the non-vertically penetrating waves. In the following, we
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revisit the effect of the chameleon mechanism on the scalar waves by referring to the damping factor in Eq. (43).
It is reasonable to assume that the damping factor in Eq. (43) appears even in the amplitude of the non-vertically
penetrating waves because the nature of the chameleon mechanism seems to have nothing to do with the kind of
waves. According to Eq. (43), the damping factor is the increasing function of the distance, and thus, the scalar
modes should show more screened behavior as they penetrate deeper into the atmosphere. When the scalar modes
penetrate the atmosphere and enter the observatory vertically, its trajectory is the shortest. Thus, we estimate the
value of the suppression factor when the scalar waves reach the ground vertically.
We assume that the frequency of the scalar mode ω is much smaller than the mass ma in the atmosphere; for
example, typical frequency O(100) [Hz] for the GWs from the binary mergers is smaller than the criterion frequency
Eq. (46). In this case, the frequency dependence in the damping factor is negligible in Eq. (43). Because the thickness
of the atmosphere is |z| ∼ 105 [m], the damping factor is given as
exp[−
√
m2a − ω2|z|] ∼ exp[−ma|z|] ' 10−2×10
9
. (47)
Even in the shortest way, the scalar waves receive the gigantic suppression as in Eq. (47) until they reach the GW
observatory. Because the non-vertically penetrating waves travel longer path as we have mentioned above, they are
more suppressed, which implies further difficulties to detect non-vertical waves.
E. Scalar waves from binary systems
In order to detect the scalar waves by ground-based GW observatories inside the atmosphere of Earth, the scalar
waves should have a sizable amplitude before they reach Earth to overcome the extremely large suppression of Eq. (47)
by the chameleon mechanism. Provided, however, that binary systems emit such scalar waves, it may suggest the
inconsistency with the existing constraints coming from the indirect detection of GWs. In order to confirm the above
statement, we roughly discuss the relation between the constraint from the binary and the amplitudes of the scalar
mode of GWs.
First of all, let us comment on the formulation of the amplitude of GWs in F (R) gravity. The luminosity formula
in the context of F (R) gravity is discussed in the works [52–54]. However, the formula therein is not straightforwardly
applicable to the F (R) gravity model in this paper due to the issue of tachyon instability although, in Ref. [52], the
Minkowski background R(b) ' 0 is considered. It is worth noticing that the emission environment could accompany
the nontrivial matter distribution, and thus, the exact Minkowski background is not suitable for the precise estimation.
Furthermore, we can expect that the amplitude of the GWs should depend on the emission environment, and the
emission of the scalar waves would be suppressed due to the chameleon mechanism. For example, the accretion disk
surrounding the binary could make the scalar waves very massive and suppress the emission. Although the energy
fluxes with respect to the tensor and scalar modes are formulated in the context of the scalar-tensor theory in [57],
we need further assumptions to discuss the emission environment to respect the chameleon mechanism in terms of
the mass of the scalar wave.
Irrespective of the emission environment for theoretical studies, the observational data from the Hulse-Taylor binary
gives the constraint on the emission of the extra mode of GWs [55]. The observational constraint on the orbital-period
change is given in [56],
P˙corr
P˙GR
= 0.997± 0.002 , (48)
where P˙GR denotes the orbital-period change computed in the general relativity, and P˙corr means the corrected one
by subtracting the effect of rotation of the galaxy from the observed value. When we assume that P˙corr includes that
effects by the scalar field P˙scalar as P˙corr → P˙corr + P˙scalar in Eq. (48), the effects on the orbital period should satisfy
|P˙scalar| . O(0.001)|P˙GR| . (49)
The above constraint suggests that the deviation from the prediction in the general relativity should be small, and
thus, the emission of the additional polarizations of GWs, the scalar waves in our case, should also be suppressed.
Note that the frequency of the orbital period in the Hulse-Taylor binary is less than the criterion frequency ωc
as in Eq. (46). Therefore, the amplitude of scalar waves is suppressed by the factor in Eq. (47) if the Hulse-Taylor
binary emits scalar waves. When we expect that the scalar-mode amplitude is of the same order of tensor-mode
amplitude at the detection, the former should be 106×10
9
times larger than the latter at the emission. Because scalar
waves are induced by modified gravity, such a large amplitude of the scalar wave implies a large deviation from the
general relativity at the emission. In the above case, the effects on the orbital-period change P˙scalar are no longer
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negligible, and it is against the observational constraint from the Hulse-Taylor binary. Therefore, the large-scalar
waves to overcome the gigantic suppression Eq. (47) is tightly prohibited in the case of the Hulse-Taylor binary.
Furthermore, if we assume that the above considerations for the Hulse-Tayor constraint are applicable to the other
binaries which can be sources of the GWs detected by LIGO or Virgo, the large emissions of scalar waves are also
prohibited in any binaries, and thus, the observed amplitude of the scalar mode is always much smaller than those of
tensor modes in the ground-based detectors. Therefore, the current observational result that the scalar mode of GW
has not been detected is naturally understood because the chameleon mechanism suppresses the amplitude of the
scalar wave in the atmosphere. We emphasize that the chameleon mechanism hides any signals of the scalar waves in
the current observational data, and it is almost impossible to find them from binary mergers unless there is a unique
enhancement mechanism to overwhelm the suppression Eq. (47) during the propagation: that is after the emission
from binaries and before the detection at ground-based GW observatories.
V. CONCLUSIONS AND DISCUSSION
We have investigated the chameleon mechanism for the scalar mode of GWs in the framework of F (R) gravity,
with the formulation of perturbations around a non-flat and maximally symmetric background. We have modeled the
particular environment to describe the GW detection by the observatory on Earth and to confirm the effect of the
chameleon mechanism when the scalar waves penetrate the atmosphere of Earth. Based on several approximations,
we have demonstrated that the scalar waves experience a huge damping factor during the propagation. We have
discussed the possibility to detect the scalar waves from the binary with the current ground-based GW observatories
and explicitly examined our statement with the constraint on the scalar waves from the Hulse-Taylor binary.
As we discussed in Sec. IV, the chameleon mechanism affects and suppresses the low-frequency modes. From the
theoretical viewpoint, we can regard the chameleon mechanism as a “high-pass filter” for the scalar waves. Once we
assume the spectrum of the initial scalar mode before entering the atmosphere, we can calculate the final spectrum
by multiplying the filter with the initial spectrum. This filter is the result of the chameleon mechanism, and thus, it
depends on two elements: the effective potential of the scalar field and matter distribution in the atmosphere. When
we input the energy density of the atmosphere with respect to height, we can eventually extract the information of
the effective potential of the scalar field. Moreover, we can generalize our analysis for a broader range of modified
gravity theories, considering the chameleon mechanism. For each theory, we can evaluate the characteristic frequency
of the filter due to the chameleon mechanism.
From a phenomenological viewpoint, the screening mechanism due to the dense atmosphere tightly constrains the
detectability of the scalar mode. Although we cannot observe the scalar mode in the single event with ground-
based observatories, the space-based observatories could provide us with another possibility to detect the scalar mode
directly because we may avoid the screening mechanism in the space thanks to the detection environment with the
low-energy density. Then, we strongly propose the necessity of space-based observatories in view to detect such
effects. Future space-based gravitational observatories give us potential detectability of the scalar mode, to constrain
the F (R) gravity or other modified gravity theories with the chameleon mechanism. If we can utilize observational
data in which the chameleon mechanism is negligible, we can directly discuss the scalar mode of the GWs.
Furthermore, ground-based observatories also play a vital role when we can utilize the ground- and space-based
observatories simultaneously. We can imagine the following two cases: (1) If ground-based observatories do not detect
the scalar mode, but the space-based ones do, it shows the environment dependence of the GW, which suggests the
chameleon mechanism. (2) If both ground- and space-based observatories cannot detect the scalar mode, there may
be no signal of the physics beyond general relativity, and the F (R) gravity theories are strongly constrained. Of
course, there is room for other possibilities: the chameleon mechanism would already screen the scalar mode of GWs
at the emission or propagation.
Besides the GWs from the binary, our analysis permits us to discuss the implication for the cosmology. The non-
tensorial modes of the GWs can be produced in the early Universe, which constitutes the stochastic background of
the GWs at present. The chameleon mechanism may also affect the scalar mode in this background at the detection,
and accordingly, the search for the non-tensorial stochastic background of GWs is hard to confirm. However, indirect
detection is still possible, and we may observe the signal of the scalar mode embedded in the CMB.
In closing, let us give some comments on our future directions. We have assumed several assumptions to address
the chameleon mechanism. We have utilized the step function to describe the matter distribution in the atmosphere
although the real distribution is continuous. We may speculate that the effect of the chameleon mechanism is more
powerful than that in the present analysis because the density is higher as the altitude is lower in the atmosphere of
Earth. Therefore, the mass of the scalar wave is much larger than we have computed, which will be examined with
the other prescriptions to reproduce the detection environment.
Moreover, we have not precisely addressed the boundary condition of the scalar wave at the atmosphere in the
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present paper. We can discuss the junction condition of the scalar wave by evaluating that of the metric perturbations
of space-time curvature, according to the relation between the scalar field and the Ricci scalar. However, since the
length scale of the criterion frequency ωc is much smaller than the thickness of the atmosphere, we can expect that
the amplitude is suppressed and decaying enough until the scalar waves reach the ground and that our kinematic
analysis is roughly valid at the linear level. The dynamical behavior of the scalar mode around the boundary at the
nonlinear level is still unknown because it requires a full numerical analysis. To conclude, we have to observe the
decaying scalar waves due to the chameleon mechanism around the boundary. Although realistic parameters for the
environment can be defined, the large difference of magnitude among those parameters could make the numerical
analysis unmanageable, which will be addressed in the framework of the other toy models.
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